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Applying the Pomeransky inverse scattering method to the four-dimensional vacuum Ein¬ 
stein equation and using the Levi-Civita solution for a seed, we construct a cylindrically 
symmetric single-soliton solution. Although the Levi-Civita spacetime generally includes 
singularities on its axis of symmetry, it is shown that for the obtained single-soliton solution, 
such singularities can be removed by choice of certain special parameters. This single-soliton 
solution describes propagation of nonlinear cylindrical gravitational shock wave pulses rather 
than solitonic waves. By analyzing wave amplitudes and time-dependence of polarization 
angles, we provides physical description of the single-soliton solution. 

PACS numbers: 04.20.Jb, 04.30.-w 


I. INTRODUCTION 


Time-depending gravitational soliton solutions in general relativity are interpreted as gravi¬ 
tational solitonic waves propagating in background spacetimes. The so-called inverse scattering 
method, which was established by Belinski and Zakharov, has been used as one of the powerful 
tools to construct such soliton solutions In fact, a lot of soliton solutions describiM nonlinear 

gravitational waves have been subsequently found by using such a systematic method [sj, l4|. It is a 
noteworthy fact that, in a stationary and axisymmetric case, the application of the method to the 
four-dimensional vacuum Einstein equation can generate exact solutions of black holes. However, 
the simple generalization of the method to higher dimensions generally leads to singular solutions. 
Under these circumstances, Pomeransky Q] modified the original inverse scattering method so 
that it could generate regular black hole solutions even in higher dimensions. Thereafter, this im- 
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proved met 


solutions 


rod has played an important role in solution-generating of five-dimensional black holes 

21 - 


Gravitational solitons with cylindrical symmetry are of special interest to a lot of relativists 
since they give us the simplest treatment of gravitational waves in an exact form. While Piran 
et al. [s] numerically studied nonlinear interactions of cylindrical gravitational waves with two 


polarization modes, Tomimatsu [9(] first analytically studied such nonlinear phenomenon as the 
gravitational Faraday rotation for the cylindrical gravitational solitons generated by the Belinski- 
Zakharav inverse scattering technique. Moreover, the interactions of gravitational soliton waves 


with a cosmic string were also discussed in Refs. 


Ifll4l,'ll|. Recently, one of the authors 




analyzed one- and two-soliton solutions constructed by the Pomeransky improved inverse scattering 
method, and studied nonlinear effects of gravitational waves such as the gravitational Faraday 
rotation and time shift phenomenon. 

Most soliton solutions generated by the inverse scattering method can be obtained by the soli¬ 
ton transformation from seeds with a diagonal form. In particular, in a cylindrically symmetric 
case, one example of a diagonal metric is the Levi-Civita family, which describes the static and 
cylindrically symmetric spacetime labeled by two parameters. Therefore this solution can be re¬ 
garded as the exterior field of an infinite cylinder with uniform mass, and in general it has naked 
singularities on its axis of symmetry. However, within a certain parameter range, this kind of the 
singularities can be considered as a line source with infinite length that yields such cylindrically 
symmetric gravitational field. 

In this paper, applying the Pomeransky inverse scattering method and using the Levi-Civita 
metric for a seed, we generate a single-soliton solution that does not admit staticity but cylindrical 
symmetry. It is a generalization of the solution obtained from the Minkowski seed {l^ since the 
Levi-Civita spacetime includes the Minkowski spacetime as a special case. Although the Levi-Civita 
spacetime has singularities on the axis except for the Minkowski spacetime, for the single-soliton 
solution, such singularities disappear by a certain choice of parameters. It is shown that the solution 
we present in this paper describes a shock wave pulse of nonlinear outgoing gravitational waves. 

This paper is organized as follows. In the following section, we construct a single-soliton solution 
with a real pole by using the Pomeransky inverse scattering method from the Levi-Civita metric as a 
seed. In Sec. imi for the single-soliton solution, we calculate the amplitudes and polarization angles 
for ingoing and outgoing gravitational waves. Moreover, we analyze asymptotic behaviors of the 
nonlinear gravitational waves at the spacetime boundary depending on each choice of parameters. 
In Sec. im we devote ourselves to the summary and discussion on our results. Furthermore, we 
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f. Q, 


consider the difference from the single-soliton solution in Ref 
Minkowski seed. In Appendix [SI we review definitions of nonlinear cylindrical gravitationa 
such as ampjitudes and polarization angles, which were first introduced by Piran et al. 
Tomimatsu 


UilUUl 

a. 


which was obtained from the 

waves 
81 and 


II. SINGLE-SOLITON SOLUTION 


In this section, starting from the Levi-Civita solution, we derive a single-soliton solution by 
the Pomeransky inverse scattering method. The Levi-Civita solution is a static and cylindrically 
symmetric solution to the four-dimensional vacuum Einstein equation. The metric is given in the 
following form 

ds‘^ = dcj? + dz^ + {dp^ - dt‘^) , (1) 


where b and d are independent parameters, and both of them are assumed to be positive without 
loss of generality. For d = 1, this metric recovers the Minkowski metric (with a deficit angle related 
to b) written in the cylindrical coordinates. In addition, the symmetry of the Levi-Civita spacetime 
is enhanced due to the existence of an additional Killing vector field (p {d/dz) — z {d/dp) for d = 0 
and (p{d/dt) +t (d/dcp) for d = 3 [l^. It should be noted that this two-parameter family possesses 
naked curvature singularities on its axis of symmetry p = 0 except for d = 1. For d > 1, these 
singularities can be interpreted as a physical gravitational line source because a test particle is 
subjected to an attractive force [l^. In particular, for d ~ 1, it can be regarded as the exterior 
field of the infinitely extended cylinder whose mass per unit length is 


2 (d + 1) 

in the Newtonian limit. Conversely, for 0 < d < 1, the singularities on the axis cannot be under¬ 
stood as such a physical line source because a test particle near its axis suffers from the repulsive 
force by the line source. The obtained single-soliton solution, however, does not necessarily have a 
source of repulsive force even if the corresponding Levi-Civita seed includes an unphysical source. 
Therefore, in what follows, we use the Levi-Civita metric within the range 0 < d < oo as a seed to 
generate a single-soliton solution. 

Now let us assume that a four-dimensional spacetime admits cylindrical symmetry, namely, 
that there exist two commuting Killing vector fields, an axisymmetric Killing vector field djdcp 
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and a spatially translational Killing vector field djdz, where the polar angle coordinate (p and the 
coordinate z have the ranges 0 < (p < Ap and —oo < z < oo, respectively. Under the symmetry 
assumption, the most general metric that is the solution to the four-dimensional vacuum Einstein 
equation can be described in the Kompaneets-Jordan-Ehlers form: 

ds'^ = {dz + oj dp)^ + dp^ + g 2 ( 7 -V’) ^^^^2 _ ^^2^ ^ ^2^ 


where the functions ip, oj, and 7 depend on the time coordinate t and radial coordinate p only. Let 
us define a 2 x 2 metric g and a metric function / by 





9 = 

y Lo p^ + u? j 

(4) 

/ = 

g2(7-i/>)^ 

(5) 


respectively. 

For the Levi-Civita metric, the 2x2 metric qq and the metric function /o are written as 

50 = diag(^p^"'^,p^+'^), (6) 

/o = (7) 

respectively. Following the Pomeransky method Q], let us remove a trivial soliton at t = U with a 
trivial BZ vector (1, 0), and then we have the metric 

5o = diag 5 ^+“^) = diag , ( 8 ) 

where the functions p and p are defined by 


P = -{t- ii), (9) 

p = — = hf - p^ -{t- ti), ( 10 ) 

fl 

respectively. 

Next, add back a nontrivial soliton with a BZ vector mo = (1, o), and then we obtain a single- 
soliton solution as 


„ _ d'oacmcT 

dab yOab o ’ 


/ 



( 11 ) 


( 12 ) 
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where 


mqg'Q^f^mb 

-p^ + p^ ’ 

rua = mob [^'oHh,P,i)]ba- 


(13) 

(14) 


Here, Fq is F evaluated at o = 0, and 4 'o(A,/ 9 , t) is the generating matrix for the metric Pq in the 
following form 

>t„(A. p. t) = d,ag (/ + 2tx + j . (15) 


where A is the spectral parameter. Finally, we reparameterize a as a (— 2 ti)^~'^ —)• a, and shift the 
time coordinate t as t ^ t + ti. 

Thus, from Eq. m, we can read off the functions ip, 7 , and uj for the single-soliton solution as 


2^ 1 + a‘^Fw^ 

~ 1 + a^F ^ ’ 

__ aw^~‘^ _ 

^ {I — w"^) {1 + a?F w"^) ^ ’ 

= {l + a^Fw^)p^^-^'^"/\ 


(16) 

(17) 

(18) 


respectively, with 


F = 


y;2(2-d) 

p2(l -u;2)4’ 


- p‘^ -t 

P 


(19) 

( 20 ) 


This single-soliton solution includes three parameters b, d, and a, where b and d are assumed to 
be positive. Note that for a = 0 this metric recovers the Levi-Civita metric. Except for a = 0 the 
metric depends on the time coordinate t as well as the radial coordinate p. Furthermore, for d = 1, 
it completely coincides with the single-soliton solution in Ref. {l^ . which was generated from the 
Minkowski seed. 


III. ANALYSIS FOR THE SINGLE-SOLITON SOLUTION 

In this section, we analyze physical properties of the nonlinear cylindrically symmetric grav¬ 
itational waves described by the obtained single-soliton solution by seeing wave amplitudes, po¬ 
larization angles, and U-energy density (see Appendix for their dehnitions). In particular, we 
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investigate the dependence of their asymptotic behaviors on d in the neighborhood of its spacetime 
boundaries. 

From the definitions given in Eqs. jAH) and (IA2[) , the amplitudes of ingoing and outgoing waves 
with the + mode, and are calculated, respectively, as 

2 a?F ju I + a^F — (1 — + (d — 1) (l — d — 1 


A, = 


P 


{1 + a‘^F) {1 + a‘^Fw^) 


B: = -- 


2a?F 1 + — (1 + + (d — 1) (l — u;^) d—1 


+ 


( 21 ) 


( 22 ) 


u {1 + a‘^F) {1 + a^F w"^) p 

and, from Eqs. (|A3p - ()A4[) . the amplitudes of ingoing and outgoing waves with the x mode, 
and i?x, are obtained as 

2 ay/F ju w {l — a?F + 2 a?F tc) + (d — 1) (1 + tc) (l + a^F w) 


Ax = 


P 


{l + a?F){l + a?Fw‘^) 


Bx = -- 


2 a\fF /TT tc (l — a?F — 2 a^F w) — {d — 1) (1 — rc) (l — w) 


(23) 


(24) 


u (l + a 2 F)(l + a 2 Fu; 2 ) 

respectively. Erom Eqs. (jA5p and (jA6p . the total amplitudes for ingoing and outgoing waves, A 
and B, are calculated, respectively, as 


^ 1 / a'^F t(;2 ( 2-\/ujv + 1 — d)^ + (d—1)^ 


P 


1 + a‘^F w'^ 


B = 


1 / a'^F rc2(2-^u/tt + l — d)^ + (d — l)" 


' 1 + a?F w"^ 

The polarization angles for ingoing and outgoing waves, 9a and 9b, given in Eqs. 
are written as 

[u w [l — a^F + 2 a^F w) + {d — 1) (1 + rc) (l + a‘^F w) 


(25) 

(26) 


and 


sin2dyi = 2a\fF ^ — 


sm 


(1 + o2F) Vl + a^Fw^ a'^F{2y^ + 1 - df + {d - if 
29B = -2aVF 1^ w{l-a^F-2a‘^Fw) - {d-l){l-w){l-a^Fw) 


(27) 


(28) 


(1 + a2F) Vl + a^Fw^ ^Ja^Fw"^ {2^/^ + 1 - df + {d - if 
respectively. The C-energy density is proportional to which is related to the amplitudes as 
Eq. (IA13h . and is given by 

{d-lf a2Fu;2 2(1 + 3 u;2)-d(l-rc^) 


7,p = 


+ 


(29) 


4/0 ' p {l-w‘^f{l + a?Fw‘^) 

In what follows, we focus only on the portion t > 0 in the spacetime because our interest here 

is to understand how shock wave pulses propagate throughout the spacetime as time passes. In 
the following subsections, we analyze the asymptotic behaviors of the above quantities near the 
spacetime boundaries: the axis of symmetry /O = 0, the light cone u = 0, timelike infinity t ^ oo, 
and null infinity v ^ oo. 
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a 

1 

1 
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P 

P 
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2 

P 

P 
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d- 1 

P 

P 

a 

a 

P 
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1 

Tp 

1 

^~P 
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2V2aPJ^^ 

4 + a? 
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1 

~P 

1 
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1 
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P 

P 
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2(d-2) {2tof-^ 

2{d-2) {2to)^-‘‘ 

\3-d\ 

\3-d\ 

P 

P 

a 

a p^~'^ 

P 

P 


2 

2 

2 

2 

2 1 

2 / 

d = 3 

— 

— 

— 

— 




^0 

^0 

a 

a 

1 “ 1 V ^0 

1 “ I V ^0 


TABLE I: Asymptotic behaviors of the amplitudes near the axis of symmetry p = 0. 


A. Axis of symmetry 


Let us see the asymptotic behaviors of wave amplitudes, polarization angles, and C-energy 
density near the axis p = 0. In the limit p —>• 0 with the time coordinate fixed at t = to, the 
C-energy density (|2^ behaves as 

7,p = 0{p-^), (30) 


for all d except for d= 1,3. Hence, for d^ 1,3, this spacetime has a singular gravitational source 
on the axis. 

As shown in Ref. {l^ . in contrast, for d = 1, it behaves as = 0{p), which implies that 
there is no singular source on the axis. This may not be surprising because the corresponding seed 
(Minkowski spacetime) has no singular source on the axis. However, it should be a surprising fact 
that Eq. (I29|) for d = 3 asymptotically behaves as 


7,p - 


to + 

a212 


P: 


(31) 


near p = 0 since, as mentioned in the previous section, the Levi-Civita spacetime with d = 3 has 
singularities on the axis. As a result, such singularities on the axis is completely removed after the 
soliton transformation. Therefore, for d = 3, nonexistence of curvature singularities on the axis 
allows to evaluate a deficit angle as a meaningful physical quantity. The deficit angle A on the 
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96 

96 

fir 

1 
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2 Vo 
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a \ 

' Vo 

2 Vo 

VvqU 

d= 1 

2 ^/u 

2 

32uT2 

96 

fir 

2 -/u 

2 

3/2 

^0 


3/2 

ava' 

a \ 

Vo 

3/2 

^0 

vTqF 


TABLE II; Asymptotic behaviors of the amplitudes near the light cone u = 0. 


axis at arbitrary time is calculated as 


A = 27r — lim 



/ 


V 9pp dp 


= 27r - 


A0 

h I a 


(32) 

(33) 


Hence, the deficit angle can be adjusted to be zero by choosing the periodicity of (f) as A(/) = 27r 6 | a |. 

Table |T] shows the asymptotic behaviors of the amplitudes near the axis for each d. While 
for 0 < d < 3 except d = 1,3, the wave amplitudes diverge on the axis, for d = 1,3 all of the 
amplitudes take finite values there. Note that, for d = 0, 2, the wave amplitudes with the x mode 
take finite values, and hence the + mode dominates over the x mode on the axis. For d > 3, the 
wave amplitudes with the x mode vanish on the axis. 


B. Light cone 

We turn our attention to the asymptotic behaviors of the gravitational waves near the light 
cone f = p (u = 0) or, equivalently, w = 1. Regardless of d, the C-energy density (12^ diverges 
there as 

2 

--v _ 

Tp — /I n2- 

The divergence of the C-energy density leads to curvature singularities, whose appearance is com¬ 
monly unavoidable for the single-soliton solutions. Hence, the spacetime region cannot be analyt¬ 
ically extended to the exterior region over w = 1. We can interpret the (curvature) singularities 
on the light cone as the gravitational shock wave propagating at the light velocity from the axis 
p = 0 at the moment of t = 0 to null infinity u —>■ oo. 
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TABLE III: Asymptotic behaviors of the amplitudes at timelike infinity t —>■ oo. 


As shown in Table ni since the amplitudes of the x mode waves asymptotically approaches to 
zero on the light cone, the x mode do not contribute to the shock waves. The main ingredient 
of the shock waves is made from the outgoing wave with the + mode, whose amplitude diverges 
there. While for d = 1, no ingoing wave crosses the light cone, for d 7 ^ 1, the ingoing waves with 
the + mode exist on the light cone. 


C. Timelike infinity 


Let us consider the asymptotic behaviors of the gravitational waves at timelike infinity. Table 
mil shows the asymptotic behaviors of the amplitudes (I21l) - (|26p at timelike infinity f —)■ 00 with the 
radial coordinate p kept constant as p = po > 0. As shown in Ref. [l^, for d = 1, the spacetime is 
asymptotically flat at f — 00 , and hence both amplitudes A and B vanish. Since the polarization 
angles 9a and 9b behave as 9a = —9b — vr/4, the x mode for the ingoing and outgoing waves 
becomes dominant at late time. For d = 2, both amplitudes A and B asymptotically approach a 
nonzero constant at f —>■ 00 , and the angles 9a and 9b behave as 

‘2‘apo 

Po + ’ 


sin 20 yi ~ sin 20 ^ 




(35) 
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TABLE IV: Asymptotic behaviors of the amplitudes at null infinity v ^ oo. 


For d = 3, both amplitudes A and B become constant at t —)• oo, and the polarization angles 
behave as 

sin 26A ^ - sin 29b ^ „ • (36) 

yJPo + 

For d 7 ^ 1,2,3, the amplitudes A and B also become constant at t —)■ oo, and the polarization 
angles Oa and 6b vanish. This means that the + mode for ingoing and outgoing waves dominate 
over the x mode at late time, whose asymptotic behaviors are considerably similar to those that 
the Tomimatsu solution [9| shows. 


D. Null infinity 


Let us focus on the asymptotic behaviors of the gravitational waves at null infinity. Table IIVI 
shows the asymptotic behaviors of Eqs. (I2I])-(I26]) at null infinity v ^ oo as u = uq (uq: a positive 
constant). As discussed in Ref. [l^, for d = 1, because the spacetime is asymptotically flat at 
V —)• oo, both amplitudes A and B vanish. Then the polarization angles approach constant values.^ 
For d = 1/2, the amplitudes A and B go to zero as u —oo as shown in Table HVl and then the 
polarization angles behave as 

64attQ (3a^ + 16 ^Uq) 


sin 26 a — — 
sin 20 b ~ sgn(a) 


(o^ + IG^Uq)^ u 
16 uq (3 — 16^Uq) 


(a^ + 


3/2 


(39) 

(40) 


^ For d = 1, the polarization angles at null infinity behaves as 

16 uo 


sin 20a — sgn(a) 
sin 20b — sgn(a) 


y/a" + ’ 

16 no (3a^ — 16^Uo) 

(a2 + 162^2)3/2 


(37) 


( 38 ) 
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While for ingoing waves, the + mode dominate over the x mode at null infinity since 6a 0, for 
outgoing waves, the polarization angle 9b approaches constant as u —>■ oo. For uq = \/3 | a |/16, in 
particular, 9b asymptotically vanishes. 

For d 7 ^ ljl/2, both amplitudes A and B also vanish at null infinity (see Table HVt) . From 
Eqs. (1271) and (f28ll . we obtain the asymptotic form of the polarization angles as 


sin 20^ ~ 


sin 29 b — sgn(a) 


32(2d- l)auo^^ 
|d-l| (a2 +162^2) 

16uo (3 a? — 162uo) 

(a2 +162^2)^/^ 


(41) 

(42) 


Similarly to the case of d = 1/2, the polarization angle 9a vanishes at null infinity while 9b 
approaches to a constant value. 

Thus we find that independently of d, tan 9 b asymptotically approaches to 

16 uo (3a2 — IG^Uq) 


tan 20 b ~ —- 


a2 - 3 • l&ul 


(43) 


Therefore, for u —)■ oo with uq = \/3 | a |/16, there only exists + mode outgoing waves, while for 
u —)• oo with no = I a |/(16\/3), there only exists x mode outgoing waves. 


IV. SUMMARY AND DISCUSSION 

In this paper, applying the Pomeransky inverse scattering method to the four-dimensional 
vacuum Einstein equation, we have constructed the cylindrically symmetric single-soliton solution 
with a real pole from the the Levi-Civita seed metric. The solution obtained in this work has 
three independent parameters, where two of them, b and d, are originated from the seed and the 
remaining one a is the BZ-parameter appearing in the soliton transformation, and the Levi-Civita 
metric is recovered by setting a = 0. The single-soliton spacetime is interpreted as propagation 
of nonlinear gravitational shock waves with cylindrical symmetry. In order to understand physical 
properties of these gravitational waves, we have classified and analyzed the wave amplitudes and 
polarization angles for each value of d > 0. 

We summarize the behaviors of gravitational waves near the spacetime boundaries: 

(i) Axis of symmetry (p = 0): 

Except for the Minkowski spacetime corresponding to d = 1, the Levi-Civita seed metric 
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has singularities on the axis of symmetry p = 0. In the same way, for the single-soliton 
solution with d / 1 ,3, the C-energy density diverges on the axis due to the existence of such 
singularities, and then the wave amplitudes A and B becomes infinitely large. For d = 1, 3, 
however, the singularities disappears so long as a / 0. For d = 3, the polarization angles of 
ingoing and outgoing waves have finite and nonzero values on the axis, and approach 7 r /4 as 
time passes. 

(ii) Light cone (u = 0): 

Regardless of d, the outgoing wave amplitude becomes infinitely large on the null surface 
u = 0. The spacetime has null curvature singularities, and the C-energy diverges there. 
This itself is not special but common to all known single-soliton solutions with cylindrical 
symmetry. The polarization angles for ingoing and outgoing waves vanishes on the surface. 
Thus, we can find that an outgoing shock wave pulse with the -|- mode is initially emitted 
from the origin of the spacetime. 

(iii) Timelike inhnity (t —?> oo): 

At t —)• oo (with p constant), the spacetime described by the obtained single-soliton solution 
does not asymptotically approaches to the Minkowski spacetime except for d = 1 Q , in 
which case simultaneously both ingoing and outgoing gravitational waves decay. While for 
d = 1 the X mode for the ingoing and outgoing waves becomes dominant at late time, for 
d = 2 ,3 the -|- and x modes of the ingoing and outgoing waves have a comparable order, 
and for d 7 ^ 1, 2, 3 the -|- mode for both waves comes to be dominant at late time. 

(iv) Null Infinity (u — )• 00 with u = uq > 0): 

Regardless of d, the amplitudes for ingoing and outgoing waves decay at null infinity u —>■ 00 
with u = uq {uq : a positive constant). The polarization angle for ingoing waves takes a 
constant value, which depends on d at null infinity. In contrast, the one for outgoing waves 
commonly approaches a constant value, independently of d. 


It is well known that although the appearance of singularities on the light cone is commonly 
unavoidable for the single-soliton solutions with a real pole, such a problem can be resolved for 


two-soliton solutions with two complex conjugate poles (for instance, see Refs. y, Q). Therefore, 


for d = 3, it may be interesting to construct such a two-soliton solution with complex conjugate 
poles because it is expected to be entirely regular everywhere. This issue deserves further study. 





13 


Acknowledgments 

We would like to thank Takashi Mishima and Tomohiro Harada for discussions concerning 
regularity. We also would like to thank Ken-ichi Nakao for useful comments. This work was 
partially supported by a Research Grant from the Tokyo Institute of Technology Foundation (T.I.) 
and the Grant-in-Aid for Young Scientists (B) (No. 26800120) from Japan Society for the Promotion 
of Science (S.T.). 


Appendix A: Formulas 


In this section, we give dehnitions of amplitudes 
symmetric gravitational waves. Following Ref, 


and polarization angles of nonlinear cylindrically 
1, , we introduce their amplitudes as 


A-|_ — 


(AI) 


B+ = 2ip^u, 
Ax = 




P 


Bx = 




UJ 




(A2) 

(A3) 

(A4) 


where A+ and R+ describe ingoing and outgoing waves in the -|- mode, respectively, and Ax and 
Bx denote ingoing and outgoing waves in the x mode, respectively. Now the advanced ingoing 
and outgoing null coordinates u and v are defined hy u = {t — p)/2 and v = {t + p)/2, respectively. 
Total amplitudes of ingoing and outgoing waves are dehned by 


A — \/a+ -h A^, 
B = ^Bl+Bl, 


(A5) 

(A6) 


respectively, and polarization angles 6a and 6b for the respective wave amplitudes are given by 


■ Ax 

sm 26 'A = 

sin 26 b = 

t) 


(A7) 

(AS) 


Thus, the vacuum Einstein equation can be written in terms of these quantities. Actually, the 
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nonlinear differential equations for the functions ip and u are replaced by 


— - Ti -r ? 

2p 


(A9) 



(AlO) 


(All) 


(A 12 ) 


and the function 7 is determined by 



(A13) 


(A14) 
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